In this paper we propose a generalization of a class of Gaussian Semiparametric Estimators (GSE) of the fractional differencing parameter for long-range dependent multivariate time series. We generalize a known GSE-type estimator by introducing some modifications at the objective function level regarding the process' spectral density matrix estimator. We study large sample properties of the estimator without assuming Gaussianity as well as hypothesis testing. The class of models considered here satisfies simple conditions on the spectral density function, restricted to a small neighborhood of the zero frequency. This includes, but is not limited to, the class of VARFIMA models. A simulation study to assess the finite sample properties of the proposed estimator is presented and supports its competitiveness. We also present an empirical application to an exchange rate data.
Introduction
Semiparametric estimation of the fractional differencing parameter in multivariate long-range dependent time series has seen growing attention in the last few years (see, for instance, Lobato, 1999 , Andersen et al., 2003 and Chiriac and Voev, 2011 . The first attempt to develop the theory of semiparametric estimation in the context of univariate long-range dependent time series seems to point back to late 80's with the work of Künsch (1987) , which proposed a local Whittle-type estimator. The idea of the estimator is to locally model the behavior of the spectral density function in long-range dependent time series by locally approximating the time-domain Gaussian likelihood near the origin. These estimators comprehend the widely applied class of Gaussian Semiparametric Estimators (GSE, for short). The asymptotic theory of the particular estimator proposed in Künsch (1987) was challenging and posed some real theoretical difficulties in its development given the non-linear definition of the estimator. The first asymptotic results were presented in Robinson (1995b) and later further studied in Velasco (1999) , Phillips and Shimotsu (2004) , among others. Several variants also emerged Chen, 2000, Shimotsu and Phillips, 2005 , among others).
The estimation of the fractional differencing parameter in long-range dependent time series started focusing on the fully parametric case. In the univariate case, the asymptotic theory of Whittle's estimator was fully described in the work of Fox and Taqqu (1986) and Giraitis and Surgailis (1990) , while the asymptotic theory of the exact maximum likelihood estimator was established by Dahlhaus (1989) and later extended to the multivariate case by Hosoya (1997) , although Sowell (1989) has studied the method in the context of VARFIMA processes before. The computational cost of the exact maximum likelihood procedure in the multivariate case is high. A relatively fast approximation is studied in Luceño (1996) and, more recently, in Tsay (2010) , both in the context of VARFIMA processes.
Fully parametric methods present some important asymptotic properties such as efficiency, n 1/2 -consistency and asymptotic normality under the correct specification of the parametric model. The main criticism to the method comes from its inconsistency under misspecification of the underlying parametric structure and from the crucial role played by Gaussianity assumptions in the asymptotic theory (but see Giraitis and Surgailis, 1990) , both contestable in real life applications. In this direction, the semiparametric approach presents many advantages over the parametric one, such as less distributional requirements, robustness against short-run dependencies and more efficiency compared to the latter. Another important advantage of the semiparametric approach is that Gaussianity is usually not assumed in the asymptotic theory.
The first rigorous treatment of a multivariate semiparametric estimator was given in Robinson (1995a). Lobato (1999) analyzes a two-step GSE based on a simple local approximation of the spectral density function in the neighborhood of the origin and derive its (Gaussian) asymptotic distribution. Shimotsu (2007) analyzes another multivariate GSE by considering a refinement of the local approximation considered in Lobato (1999) and, extending the techniques in Robinson (1995b) , shows its consistency and asymptotic normality. Shimotsu (2007) also considers a "single-step" version of Lobato (1999) 's estimator and shows its consistency and asymptotic normality. The work of Shimotsu (2007) has been recently extended to cover non-stationary multivariate long-range dependent processes in Nielsen (2011) .
In this paper we are interested in semiparametric estimation of the fractional differencing parameter on multivariate long-range dependent processes. The idea is to generalize the "single-step" version of Lobato (1999) 's GSE considered in Shimotsu (2007) by substituting the periodogram function, applied in defining the estimator's objective function, by an arbitrary estimator of the spectral density. Although a useful tool in spectral analysis, it is well-known that the periodogram is an ill-behaved inconsistent estimator of the spectral density. Seen as a random variable, it does not even converge to a random variable at all (cf. Grenander, 1951) being considered by some authors "an extremely poor (if not useless) estimate of the spectral density function" (Priestley, 1981, p.420) . A natural question is can we improve the performance of the GSE estimator by considering spectral density estimators other than the periodogram? Answering this question is the main focus of our study.
Our theoretical contribution is focused on large sample properties of the proposed estimator considering different classes of spectral density estimators. First we consider objective functions with the periodogram substituted by consistent estimators of the spectral density function. We show the consistency of the GSE obtained under the same conditions in the process as considered in Shimotsu (2007) . Second, we relax the consistency condition by considering spectral density estimators satisfying certain mild moment conditions and show the consistency of the related estimator. Third we examine the asymptotic normality of the proposed estimator under a certain mild regularity condition on the spectral density estimator and under the same assumptions as in Shimotsu (2007) . The limiting distribution turns out to be the same as the estimator considered in Shimotsu (2007) . We also consider hypothesis testing related problems. Gaussianity is nowhere assumed in the asymptotic theory.
To exemplify the use and to assess the finite sample performance of the proposed estimator, we consider the particular cases where the smoothed periodogram and the tapered periodogram are applied as spectral density estimators. We perform a Monte Carlo simulation study based on the resulting GSE and compare it to the same estimator based on the periodogram itself. We also apply the estimators to a real data set.
The paper is organized as follows. In the next section we consider some preliminary results and definitions necessary to this work and introduce the proposed estimator. In Section 3, we study the consistency of the proposed estimator while in Section 4 we derive the estimator's asymptotic distribution. In Section 5 we present a Monte Carlo simulation study in order to assess the estimator's finite sample performance and compare it to the "single-step" version of Lobato's estimator considered in Shimotsu (2007) . The real data application is presented in Section 6 and the conclusions in Section 7. For the presentation sake, the proofs of the results in this work are presented in Appendix A.
Preliminaries
Let {X t } ∞ t=0 be a weakly stationary q-dimensional process and let f denote the spectral density matrix function of X t , so that
for h ∈ N * := N\{0}. In Lobato (1999), the author considers processes for which the spectral density matrix satisfies the following local approximation
where d i ∈ (−0.5, 0.5), i = 1, · · · , q and G 0 is a symmetric positive definite real matrix.
Although specification (2.1) is somewhat general, as noted in Lobato (1999) , several fractionally integrated models satisfy this condition. Each coordinate process of {X t } ∞ t=0 exhibits long-range dependence whenever the respective parameter d i > 0, in the sense that the respective (unidimensional) spectral density function satisfies f (λ) ∼ Kλ −2d i , as λ → 0 + , for some constant K > 0 and i ∈ {1, · · · , q}.
X t e itλ and I n (λ) := w n (λ)w n (λ) (2.2) be the discrete Fourier transform and the periodogram of X t at λ, respectively, where A denotes the conjugate transpose of a complex matrix A.
From the local form of the spectral density function (2.1) and the frequency domain Gaussian log-likelihood localized in the neighborhood of zero, Lobato (1999) introduces a two-step Gaussian semiparametric estimator for the parameter d = (d 1 , · · · , d q ) , henceforth denoted by d. The estimator is a two-step optimization procedure based on the objective function 3) where λ j := 2πj/n, for j = 1, · · · , m, are the Fourier frequencies, m = o(n), with n denoting the sample size, and
Re diag i∈{1,··· ,q} 4) where, as usual, Re[z] denotes the real part of z ∈ C. For i ∈ {1, · · · , q}, let d Q i denote the univariate quasi-maximum likelihood estimate (QMLE) given in Robinson (1995b) obtained from the i-th coordinate process. The first step is to obtain an initial estimate of d by calculating the univariate QMLE for each coordinate process. Let
The final estimate is obtained by calculating
Naturally, in this case the estimator of the matrix
Under some mild conditions, Lobato (1999) shows that, when the spectral density function follows (2.1), the estimator (2.
0 + I q , as m tends to infinity, where I q is the q × q identity matrix and denotes the Hadamard produtct.
Notice that one can consider the same estimator based on the objective function (2.3) as a "single-step" estimator by solving the q-dimensional optimization problem 6) where Θ is the parameter space, usually some subset of (−0.5, 0.5) q . Estimator (2.6) was considered in details in Shimotsu (2007) . Arguably, a two-step procedure like the one necessary to obtain d in (2.5) is computationally faster than a direct q-dimensional optimization procedure as (2.6). In the late 90's, a direct multidimensional optimization procedure could be troublesome considering the computational resources available for the general public at the epoch. Nowadays, however, with the recent advances in computer sciences and the development of faster CPU's, a direct optimization procedure such as (2.6) represents no difficulty in practice.
Shimotsu (2007) considered a more refined local approximation for the spectral density matrix, namely 7) and studied the asymptotic behavior of (2.6) under (2.7). Under some mild conditions, the author showed the consistency and asymptotical normality of the estimator (2.6) under (2.7) even though, in this case, the estimator is based on the misspecified model (2.1).
Now let {X t } ∞ t=0 be a weakly stationary q-dimensional process and let f denote its spectral density matrix function satisfying (2.7). Let f n denote an arbitrary estimator of f based on the observations X 1 , · · · , X n . Consider the objective function
Re diag i∈{1,··· ,q} 9) where, again, λ j := 2πj/n, for j = 1, · · · , m and m = o(n). Notice that (2.9) is just (2.4) with f n substituting the periodogram I n . Let us define the general estimator 10) where Θ denotes the space of admissible estimates, usually a subset of (−0.5, 0.5) q . In this work we are interested in studying the asymptotic behavior and finite sample performance of the estimator (2.10) as a function of f n . The estimator (2.10) is a refinement of Lobato (1999) and a generalization of the results on the estimator (2.6) presented in Shimotsu (2007) . Our asymptotic study is divided in two main cases. First, we consider the case where f n is an arbitrary consistent estimator of the spectral density f . Secondly, we consider the case where f n is an arbitrary estimator of f satisfying a certain moment condition. The intersection between the two cases is not empty, as we shall discuss later on.
Asymptotic Theory: Consistency
Let {X t } ∞ t=0 be a weakly stationary q-dimensional process and let f = (f rs ) q r,s=1 be its spectral density matrix satisfying (2.1) for a real, symmetric and positive definite matrix
be the true fractional differencing vector parameter. As usual, the supnorm is denoted by · ∞ and to simplify the notation, we shall denote the r-th row and the s-th column of a matrix M by (M ) r· and (M ) ·s , respectively. Before proceed with the asymptotic theory, let us state the necessary conditions for the consistency of the estimator.
• Assumption A1. As λ → 0 + ,
• Assumption A2. The process {X t } ∞ t=0 is a causal linear process, that is, 1) where the innovation process {ε t } t∈Z is a (not necessarily uncorrelated) square integrable martingale difference, in the sense that E(ε t |F t−1 ) = 0 and E(ε t ε t |F t−1 ) = I q a.s., for all t ∈ Z, where F t denotes the σ-field generated by {ε s , s ≤ t}. Also assume that there exist a random variable ξ and a constant K > 0 such that E(ξ 2 ) < ∞ and P ε t
• Assumption A3. With {A k } k∈N given in (3.1), define the function
In a neighborhood (0, δ), δ > 0, of the origin, we assume that A is differentiable and
• Assumption A4. As n → ∞,
Remark 3.1. Assumptions A1-A4 are the multivariate extensions of those in Robinson (1995b) considered in Shimotsu (2007) . Assumption A1 describes the true spectral density matrix behavior at the origin. Replacing e iπ(d 0
s )/2 makes asymptotically no difference, since lim λ→0 + e iλ − 1 = 0. Assumption A2 regards the behavior of the innovation process which is assumed to be a not necessarily uncorrelated square integrable martingale difference uniformly dominated in probability by a square integrable random variable. Assumption A3 is a regularity condition often imposed in the parametric case as, for instance, in Fox and Taqqu (1986) and Giraitis and Surgailis (1990) . Assumption A4 is minimal but necessary since m must go to infinity for consistency, but must do so slower than n in view of Assumption A1.
Assumptions A1-A4 are local ones and only regard the spectral density behavior at the vicinities of the origin. Outside a small neighborhood of the origin, no assumption on the spectral density is made (except, of course, for the integrability of the spectral density, implied by the weak stationarity of the process).
For β ∈ [0, 1], let f n be a n β -consistent estimator of the spectral density function 4 for all d 0 ∈ B where B is a closed subset of R q . Since the spectral density matrix of the process {X t } ∞ t=0 is unbounded at the zero frequency when d 0 k ∈ (0, 0.5), for some k ∈ {1, · · · , q}, there is no hope in finding a consistent estimator for it in this situation. Let
Next we consider the estimator (2.10) with Θ = Ω β , that is
In the next theorem we establish the consistency of (3.4) under Assumptions A1-A4 considering an n β -consistent spectral density function estimator. For the sake of a better presentation, the proofs of all results in the paper are postponed to Appendix A.
be a weakly stationary q-dimensional process and let f be its spectral density matrix. Let f n be a n β -consistent estimator of f for all d 0 ∈ B ⊆ R q , for β ∈ [0, 1], and let d be as in (3.4) . Assume that Assumptions A1-A4 hold and let
We now study the problem of relaxing the n β -consistency of the spectral density estimator f n assumed in Theorem 3.1. We consider the class of estimators f n := (f rs n ) q r,s=1 satisfying, for
for d 0 ∈ Θ ⊆ (−0.5, 0.5) q . A relatively simpler condition implying (3.5) is as follows:
be a weakly stationary q-dimensional process and let f be its spectral density matrix and assume that assumptions A1-A4 hold. Let f n be an estimator of f satisfying for all r, s ∈ {1, · · · , q} and d 0 ∈ Θ,
where A is given by (3.2) and I ε denotes the periodogram function associated to {ε t } t∈Z , that is,
where A uv and B uv satisfy
Thus, (3.5) holds.
The class of estimators satisfying (3.5) is non-empty since, for instance, both, the ordinary and the tapered periodogram satisfy (3.6) in the form O(j −1/2 log(j + 1)) (see lemma 1 in Shimotsu, 2007 and Section 5.3 below). Condition (3.5) is just slightly more general than (3.6). For the periodogram, (3.5) can be seen directly as well, but it is more involved (see lemma 1 in Shimotsu, 2007) . Condition (3.5) plays a crucial role in replacing the n β -consistency assumed in Theorem 3.1, as we shall see later. From an asymptotic point of view, (3.5) is a sufficient condition to prove the consistency of d under Assumptions A1-A4. This is the content of the next theorem.
be a weakly stationary q-dimensional process and let f be its spectral density matrix. Let f n be an estimator of f satisfying (3.5), for all r, s ∈ {1, · · · , q} and d 0 ∈ Θ and consider the estimator d given by (2.10) based on f n . Assume that assumptions A1-A4
hold. Then d P −−→ d 0 , as n tends to infinity.
Asymptotic Distribution and Hypothesis Testing
Let {X t } ∞ t=0 be a weakly stationary q-dimensional process, let f = (f rs ) q r,s=1 be its spectral density matrix. Suppose that f satisfies (2.1) for a real, symmetric and positive definite matrix
be the true fractional differencing vector parameter. Assume that the following assumptions are satisfied
• Assumption B2. Assumption A2 holds and the process {ε t } t∈Z has finite fourth moment.
• Assumption B3. Assumption A3 holds.
• Assumption B4. For any δ > 0,
• Assumption B5. There exists a finite real matrix M such that
Remark 4.1. Assumption B1 is a smoothness condition on the behavior of the spectral density function near the origin. It is slightly stronger than Assumption A1 and is often imposed in spectral analysis. Assumption B2 imposes that the process {X t } ∞ t=0 is linear with finite fourth moment. This restriction in the innovation process is necessary since the proof of Theorem 4.1 depends on a CLT-type result for a martingale difference sequence defined as a quadratic form involving {ε t } t∈Z , which must have finite variance. Assumption B4 is the same as assumption 4' in Shimotsu (2007) 
Assumption B5 is the same as assumption 5' in Shimotsu (2007) and it is a mild regularity condition in the degree of approximation of A(λ j ) by Λ j (d 0 ). It is satisfied by general VARFIMA processes.
Lemma 4.1. Let {X t } ∞ t=0 be a weakly stationary q-dimensional process. Let f be its spectral density matrix and assume that assumptions B1-B5 hold, with B4 holding for α = 1. Let f n be an estimator of f satisfying
for all r, s ∈ {1, · · · , q} and d 0 ∈ Θ. Then,
The next theorem establishes the asymptotic normality of estimator (2.10) under Assumptions B1-B5 considering the class of estimators f n satisfying (4.1). To make the presentation simpler, let us define the matrices
be a weakly stationary q-dimensional process, let f be its spectral density matrix and assume that assumptions B1-B5 hold, with B4 holding for α = 1. Let f n be an estimator of f satisfying (4.1), for all r, s ∈ {1, · · · , q} and
as n tends to infinity, where
and I q the q × q identity matrix. Furthermore, 
where
This result allows for hypothesis testing. First, let Ω denote the matrix defined in the same way as Ω is defined in Theorem 4.1, but with G in place of G 0 . It follows that, under the hypothesis of Theorem 4.1, Ω P −→ Ω. Let 0 < s ≤ q and let R be a s × q non-zero real matrix and ν ∈ R s . Consider testing a set of s (independent) linear restrictions on d 0 of the form
Assuming the conditions of Theorem 4.1, under H 0 the test statistics
is asymptotically distributed as a χ 2 s distribution. As particular cases we have: testing the process for a common fractional differencing parameter, in which case R = (I q−1
.
with dimension q − 1 × q and ν = 0, where 0 is a vector composed by q − 1 zeroes; testing if the process is I(0), in which case R = I q and ν is a vector of q zeroes. Notice that in the particular case where f n is the periodogram I n , and thus, d = d, (4.5) is also valid by theorem 3 in Shimotsu (2007).
Simulation Study
In this section we present a Monte Carlo simulation study to assess the finite sample performance of the estimator (2.10) and compare it to (2.6). In order to do that, we apply the tapered periodogram and the smoothed periodogram as the spectral density estimator f n on (2.9). Before presenting the simulation study, let us recall some facts on the the smoothed and tapered periodograms.
The Smoothed Periodogram
be an array of functions (called weight functions) and { (k)} k∈N be an increasing sequence of positive integers. For a Fourier frequency λ j , we define the smoothed periodogram of X t by
where w n (·) is given by (2.2) and denotes the Hadamard product. If, for some j and k, λ j+k / ∈ [−π, π], we take w n as having period 2π. In practice, at zero frequency, we use a slightly different estimative, namely,
When the process {X t } ∞ t=0 is long-range dependent, its spectral density present a pole at zero frequency, so that some authors take the summation in (5.1) restricted to k = −j. In finite samples, however, w n (0) is always well defined since the process is finite with probability one. More details on the smoothed periodogram can be found, for instance, in Priestley (1981) and references therein.
The smoothed periodogram as defined in (5.1) is a multivariate extension of the univariate smoothed periodogram. The use of the Hadamard product in the definition allows the use of different weight functions across different components of the process, accommodating, in this manner, the necessity often observed in practice of modeling different spectral density characteristics, including cross spectrum ones, with different weight functions. We refrain from discussing the different types of weight functions in the literature, since the subject is present in most textbooks. See, for instance, Priestley (1981) , where a broad account of different weight functions, their properties and further references can be found.
In the asymptotic theory, we are only interested in sequences { (k)} k∈N and weight functions W n (·) satisfying
Under Assumptions C1-C4, the smoothed periodogram is an n 1/2 -consistent estimator of the spectral density matrix for all d ∈ [−0.5, 0] q . Assumptions C1-C4 are standard ones in the asymptotic theory of the smoothed periodogram (see, for instance, Priestley, 1981) . Assumption C1 controls the convergence rate of the sequence { (k)} k∈N with respect to n. Assumptions C2-C3 impose that the weight functions must be non-negative symmetric functions and that the sequences
form a convex sequence of coefficients for each n, i and j. Assumption C4 is just a mild technical condition for the consistency of the estimator.
Since the smoothed periodogram (under Assumptions C1-C4) is an n 1/2 -consistent estimator of the spectral density function for d 0 ∈ B := [−1/2, 0] q , Theorem 3.1 applies and we conclude that the estimator (3.4) (under Assumptions A1-A4) is consistent for all
To this moment, we were not able to establish the consistency of the estimator (2.10) based on the smoothed periodogram via Theorem 3.2 nor its asymptotic normality via Theorem 4.1. However, there is empirical evidence (as we shall show later) that this is indeed the case.
The Tapered Periodogram
The main idea on the tapered periodogram is to obtain a decrease on the asymptotic bias by tapering the data before calculating the periodogram of the series. This is specially helpful in the case of long-range dependent time series. See, for instance, Priestley (1981) and Hurvich and Beltrão (1993) .
defined as L i n (λ) := h i λ/n and let
The tapered periodogram I T (λ; n) of {X t } n t=1 is then defined by setting
We shall assume the following:
• Assumption D. The tapering functions h i are of bounded variation and
The tapered periodogram is not a consistent estimator of the spectral density function, since the reduction on the bias induces, in this case, an augmentation of the variance. Just as the ordinary periodogram, the increase in the variance can be dealt by smoothing the tapered periodogram in order to obtain a consistent estimator of the spectral density function in the case d ∈ (−0. 
as n tends to infinity, with Ω as given in Theorem 4.1.
Simulation Results
Recall that the class of VARFIMA(p, d, q) processes comprehend q-dimensional stationary processes {X t } t∈Z which satisfy the difference equations
where B is the backward shift operator, {ε t } t∈Z is an m-dimensional stationary process (the innovation process), Φ(B) and Θ(B) are m × m matrices in B, given by the equations
assumed to have no common roots, where To do that, we consider the estimator (2.10) with the tapered and the smoothed periodogram as the spectral density matrix estimator f n . For the tapered periodogram, we apply the cosine-bell tapering function, namely,
The resulting estimator is denoted by TLOB. The cosine-bell taper is often applied as tapering function in applications as, for instance, in Hurvich and Ray (1995), Velasco (1999) and Olbermann et al. (2006) . For the smoothed periodogram, we apply the so-called Bartlett's weights for all spectral density components, namely
We consider the smoothed periodogram with and without the restriction k = −j in (5.1) and the resulting estimator are denoted by SLOB and SLOB * , respectively. We also apply, for comparison purposes, the estimator given in (2.6), denoted by LOB. The specific truncation point of the smoothed periodogram function is of the form (n) := (n, β) = n β , for β ∈ {0.7, 0.9} while the truncation point of the objective function (2.8) is of the form m := m(n, α) = n α , for α ∈ {0.65, 0.85} for all estimators. All simulations were performed by using the computational resources of the (Brazilian) Center of Super Computing (CESUP-UFRGS). The routines were all implemented in FORTRAN 95 language optimized with OpenMP directives for parallel computing. Overall, all estimators perform well, but the SLOB estimator usually presents better performance in terms of mse and st.d. Usually the estimator with the smallest mse is not the one with the smallest bias. The TLOB is the estimator with the worst performance in terms of mse. Estimator SLOB outperforms the estimator SLOB * in all cases, except for d = (0.1, 0.4) when ρ ∈ {0.6, 0.8} where the latter yields sensibly better estimates than the former. Overall, the best estimator in terms of mse is the SLOB with (α, β) = (0.85, 0.9).
As for bias, for the LOB and TLOB estimators, α = 0.65 yields estimates with smallest bias 5 in most of cases (14 and 10 out of 16 cases, respectively). For the SLOB * estimator, the combination (α, β) = (0.65, 0.9) is the one presenting smallest bias in most cases (14 out of 16 cases), while for the SLOB estimator (α, β) = (0.85, 0.9) and (0.65, 0.9) are the combinations yielding the smallest bias, with a small advantage to the former (9 and 7, out of 16 cases, respectively). We also notice that the trade-off between bias and variance present in estimators of the spectral density function based on the smoothed periodogram does not seem to influence the estimation of the parameter d. This is expected since the smoothed periodogram is a function of the observed time series alone which, by its turn, depends only on d 0 and not on any particular estimated value d, being, hence, a constant with respect to the latter. 1(a)-(c) correspond to ρ = 0, Figures 5.1(d)-(f) to ρ = 0.3, Figures  5.1(g)-(i) to ρ = 0.6 and Figures 5.1(j)-(l) to ρ = 0.8. Figure 5 .1 reinforces the conjecture that the SLOB estimator is indeed asymptotically normally distributed.
Empirical Application
In this section we apply the LOB, SLOB and TLOB estimators considered in the last section to an exchange rate data set consisting of four daily exchange rates (business days) against the British Pound, namely, the US Dollar (USD/GBP), the Euro (EUR/GBP), the Japanese Yen (JPY/GBP) and the Swiss Franc (CHF/GBP). The data comprehend the period between October 2008 and July 2012, with sample size n = 1, 684. The data is similar to the one applied in Lobato (1999) . The time series considered are the squared log-returns (squares of the first difference of the logarithm of the exchange rates) which is usually associated to the volatility of the returns (see, for instance, Cont, 2001 ). Our goal is to estimate the fractional differencing parameter d = (d 1 , d 2 , d 3 , d 4 ) , where the components are associated to the USD/GBP, the EUR/GBP, the JPY/GBP and the CHF/GBP exchange rates, respectively. In accordance to our findings in Section 5.3, for all estimators we apply m = n 0.85 = 552, while the cut-off point of the smoothed periodogram needed for the SLOB estimator is (n) = n 0.9 = 801. For the SLOB estimator we apply the Bartlett's weights and for the TLOB estimator, we apply the cosine-bell tapering function. For the SLOB estimator, we are assuming that it is indeed asymptotically normally distributed although, at this moment, we could not present a formal proof of the result, but we have empirical evidences that this is indeed true (see Table 5 .1, Table  5 .2 and Figure 5 .1).
The correlation matrix of the data is presented on Table 6.1. As expected, all correlations are positive and high. Worth of note is the very high correlation between the squared returns of the USD/GBP and JPY/GBP exchange rates, over 0.85, which suggests a high association between the volatility on their exchange rates against the British Pound. Table 6 .1 also presents the estimates of the fractional differencing parameter d obtained. In all cases the estimators pointed toward the existence of a mild long-range dependence on the data, characterized by the relatively small positive values of the estimated fractional differencing parameter. The estimated values obtained from the SLOB and TLOB estimators were all higher than the ones obtained from the LOB estimator. Table 6 .1: Estimated values of the fractional differencing parameter d and correlation matrix of the squared log-returns of the daily exchange rates data set for the LOB, SLOB and TLOB estimators. In both cases the estimated values point out for a greater persistence on the volatility of the EUR/GBP, USD/GBP, CHF/GBP and JPY/BPN exchange rates in this order. We observe that the estimated values of the fractional differencing parameter for the squared log-returns of the USD/GBP and the CHF/GBP exchange rates are remarkably close to one another. In order to apply the asymptotic results of Section 4, we shall test for the equality between them as well as the equality among the four fractional differencing parameters.
In order to do that, let G L , G S and G T denote the estimators of G 0 obtained by taking f n as the periodogram of the series, the smoothed periodogram with the Bartlett's weights and the tapered periodogram with the cosine-bell tapering function, respectively. Also denote by Ω L , Ω S and Ω T the respective estimates of the matrix Ω as defined in Theorem 4.1 based on the pairs of estimates of d and G obtained with the LOB, SLOB and TLOB estimators and the respective estimates of G 0 . The estimates obtained are Let us start by testing the equality of the fractional differencing parameters for the squared log-returns of the USD/GBP and the CHF/GBP exchange rates. In order words, we want to test the null hypothesis H 0 :
In this case, R = (1, 0, 0, −1) and ν = 0. The test statistics (4.5) under the null hypothesis is distributed according to a χ 2 1 distribution. In this case, for the test statistics based on the LOB, SLOB and TLOB estimators, we have T L = 0.1838, T S = 0.2986 and T T = 0.1745 with all p-values > 0.58. Therefore, we cannot reject the null hypothesis at any reasonable significance level and we conclude that the fractional differencing parameter of squared log-returns of the USD/GBP and CHF/GBP exchange rates are statistically equal. The question that naturally arises is are all fractional differencing parameters statistically equal? That is, we are interested in testing H 0 :
The values of the test statistics in this situation are T L = 16.38, T S = 19.35 and T T = 8.45, which, under the null hypothesis, are distributed according to a χ 2 3 distribution. In this case, for the T L and T S test statistics, the p-values are both smaller than 0.001 strongly indicating that the fractional differencing parameters of the series cannot be considered all equals at any reasonable significance level. The T T statistics also agrees (at 5% confidence level) with this conclusion, but with p-value equals to 0.038.
Conclusions
In this work we propose and study a class of Gaussian semiparametric estimator of the fractional differencing parameter in multivariate long-range dependent processes. The main idea is to modify the approach of Shimotsu (2007) in order to introduce and analyze a generalization of the two-step estimator proposed by Lobato (1999) and studied in a slightly different form by Shimotsu (2007) . More specifically, the idea is to consider the same objective function as in Lobato (1999) , but considering an arbitrary spectral density matrix estimator in place of the periodogram. We consider two main cases: first, for an arbitrary consistent spectral density estimator, we show that the proposed estimator is also consistent. Secondly, we consider a class of spectral density estimator satisfying a single condition and show that the resulting estimator is consistent as well. The asymptotic distribution of the estimator under a certain condition on the spectral density estimator is derived and shown to be Gaussian with the same variancecovariance matrix as the one derived in Shimotsu (2007) . Hypothesis testing are also discussed in connection with the asymptotic theory.
To assess the finite sample performance of the proposed estimator and to compare to the original one, we present a Monte Carlo simulation study based on VARFIMA (0, d, 0) processes. Under the conditions of the experiment, the proposed estimator shows an overall better performance over the original one. The approach is also applied to a financial data set consisting of daily exchange rates against the British Pound.
A.1 Proof of Theorem 3.1:
The proof follows the same lines as the proof of theorem 3(a) in Shimotsu (2007) . First, without loss of generality let 0 < δ < 1/2 be fixed and consider the set
Let 0 < < 1/4 and define Θ 1 := θ : θ ∈ [−0.5 + , 0.5] q and Θ 2 = Ω β \Θ 1 (possibly an empty set), where Ω β is given by (3.3) . Following Robinson (1995b) and Shimotsu (2007) , we have
where, for a given set O, O denotes the closure of O. We shall show that P 1 and P 2 go to zero as n tends to infinity. We deal with P 1 first. Notice that L(d) can be rewritten as
,
By lemma 2 in Robinson (1995b), log(m) − m −1 m j=1 log(j) = 1 + O(m −1 log(m)), so that
Since x − log(x + 1) has a unique global minimum in (−1, ∞) at x = 0 and x − log(x + 1) ≥ x 2 /4, for |x| ≤ 1, it follows that
In view of (A.2) and (A.3), in order to show that P 1 → 0 it suffices to show the existence of a function h(d) > 0 satisfying 4) as n goes to infinity, because (ii) implies inf
, both asymptotic orders being uniform in Θ 1 in view of (i), and these results together with (A.3) imply P 1 −→ 0.
To show (i), recall that 5) so that we can write .6) where .8) so that (A.7) is o P (1) uniformly in Θ 1 in view of (A.8) and since d 0 ∈ Ω β by hypothesis and d ∈ Ω β by the definition of the estimator. Hence, the second term inside the determinant on the right-hand side of (A.6) is o P (1) uniformly in Θ 1 , so that
Upon defining the matrices
from the proof of theorem 3(a) in Shimotsu (2007) , it follows that the function
where denotes the Hadamard product, satisfies the conditions (i), (ii) and (iii) in (A.4) (notice that (A.9) is the same equation as the one following (40) in Shimotsu, 2007, p.303 , with the obvious identifications). Now we move to bound P 2 . By using (A.5), rewrite L(d) as 10) where 
and
where x denotes the integer part of x. Now, by the hypothesis on f n , 
uniformly in θ ∈ Θ 2 , since d 0 ∈ Ω β , β ∈ (0, 1) and Assumption A4, where the penultimate equality follows from lemma 5.4 in Shimotsu and Phillips (2005) . This shows that
The proof now follows viz a viz (with the obvious notational identification) from the proof of theorem 3(a) in Shimotsu (2007) , p.303 (see the argument following equation (42)). From this, we conclude that P 2 −→ 0, as n tends to infinity, and this completes the proof.
The (r, s)-th component of the LHS of (A.14) is given by
Re e
Summation by parts (see Zygmund, 2002, p. 3) yields 15) where 0 < C < ∞ is a constant. The first term in (A.15) is, by (3.5), .16) uniformly in (r, s), where the last equality follows from lemma 2 in Robinson (1995b), Lemma 3.1 and Chebyshev's inequality, since
The second term in (A.15) is o P (1) uniformly in (r, s) by (3.5). Hence, (A.14) follows. As for the difference Re e
which is o P (1) uniformly in θ ∈ Θ 2 by similar argument as the one applied in deriving (A.15), from summation by parts and lemma 5.4 in Shimotsu and Phillips (2005) . This completes the proof.
A.4 Proof of Lemma 4.1 (a) For r, s ∈ {1, · · · , q} fixed, ignoring the maximum in expression (4.2) for a while, we see that
where the last equality follows since Assumption B4 holds for α = 1, which implies mn −1 = o m −1/2 log(m) −1 .
(b) Rewrite the argument of the summation in (4.3) as A j + B j + C j , where 
A.5 Proof of Theorem 4.1
The argument is similar to the one in the proof of theorem 3(b) in Shimotsu (2007) . By hypothesis, with probability tending to 1 as n tends to infinity, Let I (r) denote a q × q matrix whose (r, r)-th element is 1 and all other elements are zero and let E j := diag and recall that for a matrix M , (M ) r· and (M ) ·s denote, respectively, the r-th row and the s-th column of M . To show (A.17), we shall apply the Crámer-Rao device. For an arbitrary vector η ∈ R q , we have
Observe that we can write 19) where the last equality follows from Lemma 3.1(b). Omitting the Re[·] operator and upon rewriting f n (λ j ) = f n (λ j ) − A(λ j )I ε (λ j )A(λ j ) + A(λ j )I ε (λ j )A(λ j ) , the summation in (A. 19) can be split into two parts, one of them reads uniformly in r, s ∈ {1, · · · , q} by Lemma 3.1(a), so that .20) where the last equality follows from from where we conclude that P inf Θ 1 \M L(d) ≤ 0 → 0. Hence P d ∈ M → 1, as n → ∞. Next we observe that
For k ∈ {0, 1, 2}, let
We notice that From the proof of theorem 3(b) in Shimotsu (2007) , it suffices to show that 23) uniformly in d ∈ M (notice that it also implies G( d) P −→ G 0 ). In order to do that, let
and notice that (A.23) follows if log(λ j ) k E j Λ j (θ)
